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INTRODUCTION

PURPOSE

This report describes the development of a thermoplasticity model for the analytical investigation
of the behavior of metal matrix fiber reinforced laminates. The nonlinear analysis is based on an
incremental form of classical lamination theory in which the laminate can be loaded by residual stresses,
thermal loads, and edge stress resultants. The constituent stresses of the layers of the laminate are
computed as the phase average stresses of the Composite Cylinder Assemblage. The matrix plasticity
is treated by a transversely isotropic J2 theory with the exception that the response is found in an
average sense since the onset of plastic flow (von Mises' yield surface) and the flow itself (Prager's
Rule) are based on the matrix phase average stresses. The hardening is temperature-dependent and
kinematic. The mathematical model also accounts for the temperature dependency of the fiber and
matrix material properties.

The purpose of this work was to create an inexpensive but powerful analytical method capable of
predicting the trends in the thermomechanical response of laminates with ductile matrices. Note that
the method is not suitable for the detailed analysis of structures; for instance, the model does not
account for time-dependent effects or micromechanical damage. But within the context of its limitations
the model is a valuable tool for investigating and interpreting be.sic material behavior. The model is
therefore highly useful in the development of experimental materials and in the assessment of prototype
structure.

BACKGROUND

Supersonic and transatmospheric flight will cause high thermal loading of vehicle surfaces and
propulsion systems. Metal matrix composites (MMC), because of their thermal conductivity, stiffness,
strength, and tailorability are candidate materials of construction for particularly hot areas of these
structures. In the technical maturation effort of the National Aerospace Plane program (NASP) the
hardware of several of the demonstrator projects has been constructed of MMC. It is projected that
MMC may constitute 10% of the material of supersonic aircraft.

In contrast to the desirable properties of MMC is the fact that these materials can respond
inelastically. The source of the inelasticity is often the yielding of the matrix under moderate thermal
loadings. In an MMC the fiber and matrix typically have greatly different thermal expansivities (the axial
coefficient of thermal expansion for advanced graphite fibers is actually negative). Because of this
mismatch in properties, thermal loadings cause a buildup of constituent stresses as the material tries
to hold itself together. The induced stresses are high, and although the fiber response is linear elastic
the matrix can undergo substantial plastic flow. When the thermal loads are removed the mismatch in
thermal expansivity can cause yielding in reverse as the structure cools. The residual plastic strain that
exists after a thermal cycle can grow with successive thermal exposures leading to a ratcheting of the
thermal hysteresis loops. The possibility of high stress levels, low cycle fatigue, and unacceptable flight
deformations are therefore pertinent design concerns.

A number of investigations have been directed toward studying the plasticity of MMC. Powerful
numerical models (primarily based on the Finite Element Method) have been used to study yield
surfaces,' nonlinear stress-strain response,2 and ultimate strength.3 Comparing the analytical results
with experimental data indicates that plasticity theories can be used to predict much of the observed
phenomena. However, numerical models by their detailed nature are not conducive to parametric
analyses and can be expensive to apply in nonlinear problems that require iterative solutions.

In order to create useful engineering analysis tools a number of analytical models have been
proposed. These models Introduce approximations, primarily concerning the stress fields within the
constituents, that make the analysis tractable but retain the salient features of elastic-plastic behavior.
An early work in this area4 considered a model of rigid fibers and an elastic-plastic power-law hardening
matrix. The application of the model was limited to the estimate of transverse stress-strain behavior.

1
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Another more general approach5 6 Is known as the Vanishing Fiber Diameter model (VFD) since it
assumes that the presence of the fibers does not disturb the shear and transverse stress fields. By
introducing matrix plasticity this model was used to compute composite yield surfaces and composite
plastic flow. The VFD performs well for plane stress loadings but is limited in its ability to analyze the
effects of thermal loads. A similar approach7 considered a two-dimensional VFD coupled with a
White-Blesseling matrix plasticicity model in which the matrix response is treated by a number of
subelements that behave elastic-perfectly-plastic. This model was used to examine cyclic thermal
loadings but could not account for the ewect of a full three-dimensional stress state on the plastic
response and was limited to materials with temperature-independent material properties. Note that after
an ana~ytical layer model is devised it is a straightforward procedure to construct an Incremental
laminate model from laminated plate theory.89

The work presented here is based on the Phase Average model,' 11 which differs from the previous
models in that it utilizes the Composite Cylinder Assemblage12 to compute effective composite
properties. This approach considers a full three-dimensional stress state and was used with success
in a previous nonlinear laminate analysis13 that examined the thermal hysteresis of aluminum MMC. This
earlier effort is extended here to Include temperature-dependent properties for both the fiber and the
matrix and a transversely isotropic plasticity model with temperature-dependent hardening,

2
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THEORETICAL DEVELOPMENT

The formulation starts with the development of a unidirectional layer model for both elastic and
elistic-plastic response and then uti;izes this model In the development of a general laminate stiffness
relation.

UNIDIRECTIONAL MODEL

ELASTIC RESPONSE

The constitutive rate equations for transversely Isotropic fibers and matrices are

iFE. cFE +F +FEf (1)

iME SMEM fME (2-- ijkl , +d "P ij T (2)

where the Siikl are fourth-order compliance tensors, the ii are second-order equivalent thermal
expansion tetsors, the ei are phase-average strains, the oii a/e phase-average stresses, and T is the
temperature. The overdoA indicates the quantity is a rate term, the supe-scripts F and M refer to a fiber
and .mdtrix quantity, and the superscript E indicates that the quantity is elastic. The indices 1, 2, and
3 are principal material directions with 1 being directed along the axis of the fibers. The equivalent
thermal expansion tensors are computed from

A E...SFE ah+ Fa + T(T-T,) (3)

= Sij/d.T (Okl + a(ij+ T(T To (4)

where the caii are the secant thermal expansivities, To is a reference temperature, and a comma denotes
differentiatioh with respect to the listed var;able.

The effective composite properties are computed through the Composite Cylinder Assemblage
,CCA) as

S*E cFE cMEN

ajl fI ,Jki' jki' -iA' (6)(X'j ijkl Sijkl, t j 6

SoE f 2  (VF, S )ME F a)

where the superscript * Iodicates a composite quantity, the functions f, and f2 refer to the mathematical
operations of the microm,-.chanical model, and VF Is the fiber volume fraction. The constitutive law for
the composite Is therefore

iE ijk +i tjT (7)

3



NADC-90004-60

where

E - *E(8
SildT d+tij+ tijT(T -T O ) (8)

ELASTIC-PLASTIC RESPONSE

It is assumed here that the matrix yields uniformly when the matrix phase average stress state
reaches a strain energy of distortion equal to the corresponding energy at yield for simple tension.
Therefore, the onset of plastic flow is determined by a von Mises yield condition expressed in terms
of the matrix phase average stresses. For a kinematic bilinear work hardening material the yield function

is then

= 'V-3k 2  (9)

where V4 is the load function and k is the strength parameter. The load function is computed from

V = (Sij - h ci P)(Sif -h F-JMP) (10)

whe.e the SM are the deviatoric stresses computed from the phase average stresses, h is a hardening

parameter, 9nd the superscript P is used to designate a plastic quantity. The hardening parameter is
computed from

h = 2/3 EE(11)
E -Em

where E and E,,, are the matrix elastic and tangential moduli. The strength parameter is related to the
matrix uniaxial yield stress oythrough

k2 = 2/9 a2  (12)

Note that the usual rules for loading and unloading apply except that they are expressed in terms of the
phase average matrix stresses.

The constitutive law for matrix plasticity Is Prager's Flow Rule expressed In tern s of the matrix phase
avrp age stresses. The phase average rr .trix plastic strain rates are therefore

kMP CMPaM+MP
=ijkJk Oi + Pi T  (13)

where is the fourth-order plastic compliance tensor

sijk 1 SM (14)
3hk 2 4
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and MP is the plastic thermal expansion vectorand ij
k, T

I3P-h, SMPEMP_ (Sr-h cjfP) (15)
ij ,= h T ii -k k J t

The total phase average strain rates are found through the superposition of the elastic and plastic
components

M • ME•MP (16)

Substituting equations (2) and (12) into (16) leads to

M T r ?,f Tr (17)

where
s~jMT = SME SMP

SAk7 ,4-l Sfij (18)

fMT~ IpME +fP (19),j 1 j ,
and the superscript T refers to a total quantity.

TRANSVERSELY ISOTROPIC APPROXIMATION

In this work the CCA is used to compute the effective elastic-plastic composite properties from the
fiber and matrix constitutive laws. However, the CCA model is limited to transversely isotropic
constituents whereas the plastic response can be fully anisotropic. Also the equivalent thermal
expansion tensors (equations ((3), (4), and (15) can also yield responses more general than transversely
isotropic. To overcome this difficulty approximations are Introduced to reduce the response to
transversely isotropic. Let the approximation be indicated by the rules g, and g2 such that

SM = g 1 (S MP) (20)

MP= g2 (PMP) (21)

i _ = g 2 (lE) (22)

i FE = g 2 (PE) (23)

where the overbar Indicates the transversely isotropic approximation. The rules chosen for g, are

rMP _ (24a)

5
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-"1P22 = Sl122 (24b)

M1P33 =S1122 (24c)

$222 = $2222 (24d)

$2233 = S2233 (24e)

'MP MP~ (24f)
S 33 3 3 = $2222

3 MP .5 (24g)

S2222 -S2233

'MP MP~~i (24h)
S 131I3 = S 121I2(2h

-'MP MP (24i)

S121I2 = S 121I2(2 i

where the usual symmetries hold and where all of the unaddressed terms vanish. The rules for g2 are

0M = 13= (25a)

MP= O (25b)

OM1P =M (25c)

with all other p terms vanishing (similar results are obtained for i and #E

For axial loads, thermal loads, or In-plane shear loads the g, rules yield exact results. Since thermal
loads are the dominant loadings for the Intended application the approximations are not compromising.
Furthermore, it has been shown that for general Ioadings 13 the more severe approximation of isotropic
plasticity yields tolerable errors. However, as with all analytical models, Individual applications must
be assessed against the underlying assumptions.

6
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ELASTIC RESPONSE, TRANSVERSELY ISOTROPIC APPROXIMATION

Introducing the g2 rules the constitutive relations for the fibers and matrices become
SEF-FE

i =S + F F T (26)

*ME SME M ME

=q ijckriJ "" Pij T (27)

The effective thermal composite properties are then computed as

E f 2 (V F, FE ME FE E (28)
Sijkl Sijl 9ij ,J )

so that

i* E 1 ;* +A*Ei(9

PLASTIC RESPONSE, TRANSVERSELY ISOTROPIC APPROXIMATION

Applying the g, rules to equation (13) leads to

*MfP =-MPiM+DMP
j ij ok.1+ pj T (30)

so that

*M jk Aff*MMPiT (31)

where
RIAU SME +MP (32)

Sijkl -- ijkl +ijk

and

The effective elastic-plastic composite properties can now be computed as

c *= f , (VF, sE,. ) (34)

pT f f, (VF, SFE.' , il '  (35)

Ij ikl §k1 0
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from which the composite elastic-plastic constitutive relation becomes

• * =S* T i, + 0 *T T (36)

LAMINATE MODEL

The constitutive relations (29) and (36) can now be used to build an incremental laminate model.
In order to do so, consider a laminate of thickness 2t with the midthickness reference surface located
in the z=0 x-y plane of the right-handed coordinate system x-y-z (z is perpendicular to the laminate
layering). Invoking the Love-Kirchoff hypothesis leads to

t (x ,y ,z ) = ti(xy )-z 0~ (x ,y) (37)

uy (x,y,z) = u,(x ,y )-z uZ.Y(xy) (38)

4z (x ,y ,z) = Uz4(x ,y) (39)

where the functions U4x, Uv0, u ° , are the displacements of the reference surface. The strain rates

corresponding to these displacements are

t= = o +z k= (40)

t = £0 +z Ky (41)

Y'Y = + z K- (42)

where the midsurface strain rates are

° 0 (43)

0= . (44)

y =u y y (45)

8
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and the rates of curvature are

=-z uo (46)

Kyy =-Z (47)

Kxy =-z z4y (48)

Condensing equations (40), (41), and (42) with matrix notation leads to

[I] = [ o]+z [K] (49)

Equations (28) and (35) can also be expressed in terms of engineering strains and matrix notation as

[i 1] = [SI [all] + [131 T (50)

where, depending upon the state of the layer, [S] and [3] are either elastic or elastic-plastic matrices.
Inverting this equation leads to

[a] = [Q I [eil+ [F T (51)

where [0] is the layer stiffness matrix and

[rl = -[Q ][1] (52)

The stress and strain rates expressed in the local layer coordinate system can be transformed to
the global plate coordinate system through

[&] = [e] [6l] (53)

[es] = [eJ [e] (54)

9



NADC-90004-60

where the transformation matrices are

[cos2e Sin20 -2 sinG cosel
[E~0] = sin2e COS2O 2 sinO cosO (55)

sinG cosO -sine cosO cos2e - sin2ej

and

[cos2G Sin2e) -sine cosel
[EMI sin2e COS2G) sine cosO (56)

[2 sinG cosG -2 sine cosO cos2G - sin2ej

with e being the angular orientation between the local 1 and the global x coordinate directions.
Substituting equations (53) and (54) into equation (51) leads to

[as+ n [ [][fT (57)

where [Jand [ r] are the global stiffness and thermal stress matrices computed from

[]=[E)(] [Q]I[E)j 1  (58)

and

[F] =[0w, [F](59)

From the laminate edge stress rates the following stress resultant rates are defined

(Nyy ,N = y .y)d (60)

(M iyy ,MA,) f J(&= i~yx dz (61)
-4

Switching to matrix notation and Introducing equation (57) leads to

]f [Q1 [~i dz + f[ z dz + [ dz (62)

f = []ez dz +J[f H z2 dz + f iz dz (63)

10
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which can be combined and rewritten in the familiar laminated plate matrix notation as

[Z AL B] [ + N[T] (64)
M1 B D K Mr

which is the structural stiffness equation. When the loading rates are specified this equation can be
inverted to yield the global displacement rates.

PHASE AVERAGE MODEL

After equation (64) is solved the laminate equations and the constitutive relations can be used to
determine the composite stress rates for each layer. The constituent phase average stresses are then
computed through the Phase Average model. In this model the phase average stress and strain rates
are related through

T*YV !V (65)
• * F j M

i*j = V 1F + VM ik (66)

where

VM = l-VF (67)

Equations (65) and (66) are a consequence of using the CCA as the micromechanical model.

For layers that are responding elastically the phase average equations can be combined with the
constitutive relations to yield

FEij _ S M -i M FE c*E ; * E + V (68
VM (S-Sikl) (T = (Si~k -Si)6l + (VF N+ V~E~) (68

For layers that are responding plastically equation (68) becomes

v. (SFE -MT * M = cE - * (V OE+ - (69)
Sijkl -Si'jZ )i _ oijkl - SigT • (T * - 0ij ) T (69)

These equations yield the matrix phase average stress rates. The fiber phase average stress rates can
then be determined from equation (65).

11
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APPLICATIONS

DESCRIPTION

The engine walls of the NASP vehicle will be subjected to extremely high heat fluxes. To devise a
structure capable of withstanding the projected thermal loadings it has been proposed that the walls be
designed as heat exchangers using a high thermal conductivity material that possesses high stiffness
and strength. Copper, which has a high innate conductivity, has its stiffness, strength, and conductivity
enhanced with the addition of advanced P130x graphite fibers. This copper-based MMC will be
analyzed here assuming a fiber volume fraction of 50%. The estimated material properties for the fiber
and matrix are listed In Tables 1 and 2.

The engine walls will be prechilled prior to flight from an assumed ambient atmospheric temperature
of 20 deg C to the fuel temperature of -170 deg C. During flight the temperature of the engine walls
are anticipated to reach 650 deg C. After the flight the walls will return to an ambient condition. In this
work the described thermal cycle is analytically applied to both unidirectional and cross-ply
P130x/copper laminates.

NUMERICAL IMPLEMENTATION

The theoretical model was developed in terms of rates. However, the application of the model is
necessarily incremental with piecewise linearity assumed for each step of the analysis. This is an
approximation since the system characteristics are temperature and stress dependent and can vary
continuously over the course of a load step. To correct for this and for the approximations of the
transversely isotropic assumptions, the numerical model iterates to predict the onset of yield and to
determine the extent of plastic flow. An evaluation of the effectiveness of these numerical procedures
can be found in reference 13.

An additional control over the accuracy of the analysis Is the size of the load increments. Table 3
shows the results of a numerical study in which successively smaller temperature increments where
used in the analysis of a unidirectional P130x/copper plate subjected to one thermal cycle. A
continuous plot of the response of the plate for half-degree temperature increments is shown in Figure
1. (An explanation of the predicted response can be found In the following subsection,
"P130x/Copper.) For temperature-dependent hardening the field variables converge with decreasing
temperature increments while, as a consequence of the micromechanical model, the composite and
matrix axial strains align.

Table 3 and Figure 1 also show the results of a temperature-independent hardening model. Note
that this assumption introduces a slight deviation from the more general model at the high end of the
temperature cycle but achieves convergence of the field variables at a larger temperature Increment.

P130x/COPPER

The first problem to be considered is a unidirectional plate subjected to two successive thermal load
cycles. Figure 2 Is a plot of the composite axial strain for this structure in which the response Is seen
to be extremely nonlinear and hysteretic but with no ratcheting. The composite Initially responds during
precooling by contracting elastically. However, the matrix material yields at -23.2 deg C after which
the fiber properties dominate. Hence, with further cooling the composite begins to grow axially. On
heating, the matrix response is again elastic so that the composite continues to grow until yield occurs
at -61.5 deg C. From here on the composite contracts until the changing axial and transverse material
properties Interact to produce thermal growth. At the high end of the thermal cycle the growth peaks.
With cooling, the composite contracts elastically and then plastically (yielding at 630 deg C). Further
cooling leads to axial growth. The next and successive thermal cycles lead to an identical response.
Figure 3 plots the composite transverse strain In which it is seen that the nonlinearty Is not as severe
since the fiber and matrix thermal expansivitles are of the same sign. A slight hysteresis Is also evident
here. Figures 4 and 5 plot the matrix plastic strains which occur Isovolumetrically. Figures 6 and 7

12
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Table 1. Fiber Material Properties.

P130x Graphite Fiber
Temperature a. a,

deg C pfper deg C i per deg C
-200 -1.62 10.0
-100 -1.62 10.0

0 -1.62 10.0
20 -1.62 10.0

100 -1.60 10.8
200 -1.05 10.8
300 -.625 11.6
400 -.275 12.4

500 .100 12.6
600 .450 12.6
700 .815 12.6

aa axial secant thermal expansion (reference temperature = 20 deg C)

at transverse secant thermal expansion

Ea = 938 GPa, axial extensional modulus

Et = 19.3 GPa, transverse extensional modulus

va = 0.210, axial Poisson's ratio

vt = 0.892, transverse Poisson's ratio

Ga = 17.9 GPa, axial shear modulus

13
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Table 2. Matrix Material Properties.

Copper, OFHC Grade
Temperature E v Ct o I E,.

deg C GPa W per deg C MPa Gpa
-200 137 .360 14.4 107. 8.77
-100 126 .355 15.3 86.4 8.29

0 118 .345 16.3 72.5 8.05
20 117 .343 16.5 70.0 8.00

100 114 .333 17.0 60.5 7.58
200 110 .322 17.4 52.0 6.94
300 106 .312 17.7 42.6 6.12
400 102 .307 18.1 31.5 5.14
500 98 .299 18.5 21.4 4.56

600 93 .288 19.0 15.1 4.00
700 88 .275 19.5 11.7 3.44

E extensional modulus

V. Poisson's ratio

a secant thermal expansion (reference temperature 20 deg C)

oy yield stress

E, tangent modulus

14
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Table 3. Numerical Study of a P130x/Copper Unidirectional Plate.

Temperature Dependent Hardening (1) (2)
Step Size CPU Time -170 deg C 650 deg C Cool Down

deg C Sec C__ C ___ ____ Alp_ _____

5.0 51 1.358 1.321 18.83 6.022 5.314 -97.60 -.8899 -2.166 -7.309
2.0 119 1.359 1.344 18.82 6.089 5.806 -97.22 -.7613 -1.272 -6.610
1.0 217 1.359 1.352 18.82 6.111 5.970 -97.10 -.7185 -.9737 -6.378
0.5 425 1.359 1.355 18.82 6.123 6.052 -97.03 -.6970 -.8247 -6.261

Temperature Independent Hardening (1) (2)

Step Size CPU Time -170 deg C 650 deg C Cool Down
deg C Sec " E ell Ell ll lTfl C'7 _ _ El ll

5.0 49 1.369 1.369 18.96 6.444 6.444 -92.07 -.8999 -.8999 -6.143
2.0 112 1.370 1.370 18.93 6.512 6.512 -92.09 -.7653 -.7653 -6.144
1.0 213 1.370 1.370 18.92 6.535 6.535 -92.10 -.7205 -.7205 -6.144
0.5 418 1.371 1.371 18.92 6.547 6.547 -92.10 -.6980 -.7018 -6.148

(1) The exponent of the strains is -4.

(2) The computations were performed on a Sun Microsystem 3/280.
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show the matrix stresses caused by the mismatch in constituent straining. Note that in this problem the
thickness matrix stress equals the transverse stress, while the shear stresses are zero.

Figure 8 plots the load function over the thermal cycle. This figure is useful in interpreting the
different regions of thermoplastic response. During the Initial cooling the matrix is elastically restrained
by the fibers so that the load function quickly reaches the yield line along which it travels plastically.
(The yield line is a plot of the strength term of equation (9).) Heating from the low temperature causes
the load function to unload and reload elastically and then travel along the yield line plastically. In
stress space this is equivalent to unloading from the yield surface, transversing the elastic region, and
then striking the yield surface at another point. The same behavior occurs when the plate Is cooled from
the high temperature point. Subsequent cycles lead to identical results. Note that the effect of the
temperature dependency Is reflected In the length of the elastic path at the two temperature extremes.

Because of the method of manufacture MMC typically contains residual processing stresses.
Although intuition would lead one to suspect that these stresses are tensile, there is evidence showing
that surface friction and high processing pressures lead to residual stresses that are actually
compressive. The second problem to be considered analyzes the effect of residual processing stresses
on the thermal response by assuming a residual stress state of

McT, MM M, Al

in a unidirectional plate. Figure 9 is a plot of the load function of this plate when it is subjected to two
thermal cycles. The path starts at the residual stress state, unloads, reloads and then reaches the yield
line at -60.8 deg C. The subsequent load path and the location of the yield points are virtually identical
to the case with no residual processing stresses (Figure 8). Because of this the shape of the curves of
the field variable in the residually stressed plate (Figures 10 through 15) are very similar to the plots of
the initially unstressed plate. The difference in response is seen to be a vertical shift of the curves and
hence the peak magnitudes. If a residual tensile stress state had been examined, then similar shifting
would occur except in an opposite direction.

The next problem to be considered is a 0/90/90/0 cross-ply laminate (no residual stresses).
Figure 16 shows that for such a structure the composite axial strains will ratchet under cyclic thermal
loads. Because the construction is cross-plied and symmetrical, the transverse strains are identical to
the axial strains. The matrix plastic strains (Figures 17 through 19) show a pronounced ratcheting.
Since the construction constrains the plys from deforming Individually, the thermal cycle will result in
non-zero composite stresses. Figures 20 and 21 plot these composite stresses for the upper 0-deg ply.
The matrix stresses are therefore a superposition of the effects of global composite stressing and of
local differential thermal growth. Figures 22 through 24 show that these stresses ratchet substantially
during the thermal cycle. Without the processes of stress relaxation, unacceptably high stress levels
would soon be reached.
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CONCLUSIONS

In this work a thermoplasticity model was formulated for the purpose of examining the mechanical
and thermal behavior of MMC. The theoretical model was applied to the analyses of materials that are
currently being proposed for use on advanced aerospace vehicles. The applications demonstrate the
usefulness of the theory in predicting and interpreting basic material response. Also, the analysis data
can be quickly changed to parametrically and Inexpensively assess other designs.

For the P1 30x/copper material the analysis predicts that thermal cycling will lead to substantial
plastic straining and hysteresis. Also, depending upon the construction, the hysteresis loops can ratchet
under successive thermal loadings. The effect of the residual processing stresses was seen to be an
upward or downward shifting of the response curves.
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